A type of foil journal bearings with double-layer protuberant foils as elastic support was studied by numerical analysis and experiments. Two kinds of material (beryllium bronze and stainless steel) with different elasticity were used for the protuberant foils of the bearings. The analyzing model couples the hydrodynamics pressure of the gas film to the elastic deflection of the top foil and the underlying protuberant foils. The hydrodynamics of gas film is described by the Reynolds equation. The top foil and the protuberant foils are modeled as thin plates and the protuberances are treated as rigid support. For calculating the deflection of the top foil, the deflection of the protuberant layer beneath the top foil is taken into account. With a given load, the gas film thickness and pressure are obtained by using finite element method and finite difference method. The key static and dynamic parameters are presented. In experiments, both of the two foil bearings run well in a turbo-expander. The new takeoff and shutoff pressure and speed are proposed for practical operation of the hydrodynamic lubricated high speed turbo-expander. In addition, the synchronous and subsynchronous rotor motions have been tested and analyzed. The experimental tests of the two bearings in a high-speed turbo-expander suggest that the bearing using stainless steel as the foil material shows higher stiffness, which agrees well with the numerical predictions.
Introduction
Due to the advantages of the high reliability, the low and high temperature capabilities, and environmental durability, gas foil bearings have been widely used in oil-free turbomachinery. The conventional gas foil bearings (GFB),such as multi-pad foil bearings and hydresil gas foil bearings have achieved significant success in practical applications including air cycle machines or other turbo machineries (Agrawal, 1997) . For operating at high speed with better stability, improvements in GFB stiffness and damping characteristics have attracted much more attentions. Some new configurations have been developed and studied recently.
Hou et al. suggested a new gas foil bearing by using an elastic rubber strip beneath the top foil as elastic support. Both theoretical and experimental studies showed that the new structure showed excellent stability due to uniform stiffness and damping generated from the elastic rubber strip. As tested in a cryogenic turbo-expander, the maximum speed reached 147,000 rpm which was about 37% above the designed speed (Hou, 2004) . Lee (2004) et al. proposed a visco-elastic foil bearing in which an elastic rubber strip was placed between the top foil and the bump foil. It was shown that the damping characteristics were improved by adding the new rubber layer. However, the rubber layer in above two gas foil bearings do not apply in extremely high or low temperature environment. Lee and Andres studied the metal mesh foil bearing in which the low-cost metal mesh used as the elastic structure could provide a support with tunable resilient and large material damping (Lee, 2008 , Luis, 2010 , Luis, 2012 . Kaneko (2007, 2009 ) originally proposed a multi-wound foil bearing. The foil was wound triply, and an edge of the plate section was fixed in the bearing housing. The leading 1/3 plate foil section is smooth and was placed at the top and used as the top foil, while the other 2/3 foil with projections was placed as the middle and bottom layers. With elastic multi-layer support, this new foil bearing showed a good damping performance. Due to the simple design and good performance, multi-wound foil bearings were supposed to be one of the best candidates of the supporting component for turbo-machineries. Kim and Lee (2010) studied the static performance of a hybrid foil bearing which used an auxiliary pressurized gas supply, and obtained improved friction resistance.
Among those novel designs of gas bearings, the gas foil bearings with protuberant support foils (PGFBs) show promising prospects due to their low fabrication cost, low structure complexity, and potential improvements in the stiffness and damping performance. Hou et al. (2011) have proposed a numerical model for the GFBs with single layer of protuberant foil as the elastic support, and studied on the performance of the bearing. Its static performance and some dynamic performances similar with the multi-wound foil bearings. The multilayer protuberant foils can be used to tune the structural stiffness and further improve the damping performance. Hou et al. (2013) have reported an experimental test of a turbo-expander using the GFBs with double protuberant layers. The rotor locus analysis and frequency domain analysis of the test data indicated that subsynchronous whirls could be well suppressed due to the use of the double protuberant layers.
A large amount of work was performed for developing dynamic model for GFBs, but most of them for Hydresil gas foil bearings. Up to now, the dynamic models for foil bearings are based on either a linear perturbation method , Hou, 2011 , Hou, 2013 or a nonlinear method with a time step integration (Bonello, 2014) . These models are helpful for designers to quantitatively assess the dynamic characteristic of the GFBs. However, the dynamic behavior of the foil bearing during start up and shut down processes are difficult to predict by numerical model due to extreme complex contact condition and the large change of rotational speed. Therefore, the experimental tests are still indispensable method to study the characteristic of foil bearings.
In this paper, numerical studies based on a model presented before and experimental studies have been conducted on two PGFB with different protuberant foil materials. This model considers the coupling effect of the mid foil and the top foil by setting the node displacement of the protuberant layer beneath the top foil as the initial position of the top foil deflection. Then the top foil deflection can be obtained based on the initial position and the gas film pressure. The model provides a more reasonable description of the overall deflection of the double layer support structure. The static and dynamic parameters are studied for two bearings with different foil materials (beryllium bronze, QBe1.7 in short in the following text, beryllium content 1.65%-1.8% and stainless steel, 0Cr18Ni9 in short in the following text). The experimental studies on the GFBs were conducted by running the GFBs in a high speed turbo-expander. The numerical results show good agreement with the experimental results. Moreover, with the experiment, the supporting performances of the two bearings during the startup and shutdown processes were studied.
Numerical Model 2.1 Structure of PGFB
The schematic of the double-layer PGFB is shown in Fig.1 . In addition to the smooth top foil, two layers of protuberant foils are placed between the top foil and the bearing housing as elastic support. The two protuberant foils are arranged so that the row of protuberances of the bottom foil is located at the center of the adjacent rows of protuberances of the mid foil. The three foil layers are pinned at the same end in the bearing housing, and free at the other end. 
Governing equation of gas film
According to the coordinate system shown in Fig. 2 and assuming isothermal and isoviscous gas, the ( )
(1) Fig. 2 Coordinate system used in the model for the gas film and foil structure. The pressure is set as ambient pressure at the side edges and the ends of the foil, which allows the generation of sub-ambient pressure for gas film. However, the three foil layers are not bonded in actual condition, the top layer and the middle layer can detach from the adjacent foil layer to avoid the occurrence of sub-ambient pressure. As a result, the sub-ambient pressure cannot be reached. However, it is difficult to simulate the foil deflection with detachment due to the problem of calculation stability. Therefore, foil detachment do not occur in the model, but the effect of the detachment is taken into account by setting sub-ambient pressure to ambient pressure subjectively.
According to the coordinate system shown in Fig. 2 , the film thickness h is determined by
where c, e are the bearing clearance and eccentricity, respectively. w is the deflection of the top foil and φ is the attitude angle.
To generalize the solution, the Reynolds equation and gas film thickness equation are nondimensionalized.
And the definitions of the dimensionless parameters are
2.3 Deflection of foil structure Figure 3 shows the model for analyzing the deflection of a PGFB. Although the deflections of top foil and mid foil are generated at the same time, this deflection process is divided into 3 steps for analyzing and modeling easily. It can be seen that the deflection of the top foil is greatly affected by the deflection of the mid foil. For considering the effect from the mid foil, the displacements of the mid foil supporting nodes are used as the displacement boundary conditions in the calculation of top foil deflection. The procedures are: 1) calculate the support force from the mid foil to the top foil by assuming there are no deflection at support point for top foil; 2) calculate the acting force from top foil to mid foil, which should be reactive force of the calculated support force in previous step; 3) calculate mid foil deflection; 4) pass the deflection displacements of mid foil supporting nodes to the corresponding supporting nodes of top foil as the displacement boundary condition; 5) calculate top foil deflection with the gas film pressure and the displacement boundary conditions as well as the fixed end boundary conditions. The foil layers are modeled as two-dimensional rectangular thin plates, neglecting the tension and shear of the foil layers. The sliding between foil layers is also ignored. The 4-node rectangular plate bending element is employed for dividing the foils (Timoshenko, 1959) . The mesh is 26 in z direction and 82 in θ direction, and all the supporting points are located at the element nodes. The mesh and main geometrical parameters are shown in Fig. 4 , and the geometrical parameters of the protuberant supporting points are shown in Fig. 1 .
Fig. 4 Meshes used in the simulation
Because the foil layers are pinned at their fixed ends and free in their other ends, the deflection of the top foil at the bearing fixed edges is specified as zero. In addition, the deflection displacements of the touched node pairs for the adjacent foil layers are the same. Therefore, the deflection of top foil deformation is 0 at fixed edge at contact points 
Solution method
The Finite Difference Method (FDM) and the Finite Element Method (FEM) are used to solve the Reynolds equations and to analyze the foil deflection, respectively. The bearing static solution at equilibrium state can be obtained by coupling solving the foil deflections and the film pressure with a given rotational speed and a given eccentricity . However, in actual situation, the eccentricity at equilibrium state is unknown and determined by the load and rotational speed. Therefore, the load and rotational speed are used as input parameters for the simulation in this paper. The load force is selected as 4.5 N due to that the rotor weight is nearly 9 N and a journal bearing supports half of the weight. The Newton iteration method is used to calculate the eccentricity at equilibrium state with a given load force and a given rotational speed. The process can be detailed as follow: 1) with two initial eccentricities (0.1 and 0.5), the load force at the two initial eccentricities are calculated; 2) according to the calculated load forces at the two initial eccentricities and the selected load force (4.5 N), new eccentricity is calculated by using the Newton iteration method; 3) the iteration continues until the error between the calculated load force and selected load force (4.5 N) is less than 1×10 -4 N. As the static solution at equilibrium state is obtained, the dimensionless load capacity and dimensionless frictional torque are defined as ( )
where P 0 is dimensionless steady state film pressure.
And the dynamic performance of the bearing, i.e. stiffness and damping coefficients, can be obtained using the Linear Perturbation Method (Hou, 2011 , Peng, 1993 , Lund, 1987 .
where P X , P Y , P Ẋ and P Ẏ are dimensionless perturbed film pressures. The details for obtaining them can be referred to the literature . In this paper, the whirl is thought to be the result of the rotor unbalanced mass, which is synchronized with the rotation frequency. Therefore, the whirl frequency ratio γ is set to one in the dynamic analysis.
Natural frequency analysis
According to predicted stiffness and damping factors, the natural frequency can be estimated by using a simple rotor-bearing system with a rotor only weight considered and two journal bearings support (Rudloff, 2011) . When placing the origin of coordinates at the equilibrium position of the rotor, the dynamic equation for the simple rotor-bearing system can be written as: 
where m is rotor mass. According to Equation (11), the dynamic stiffness matrix for calculating the natural frequency is: 
The natural frequency can be obtained by calculating the eigenvalue of the dynamic stiffness matrix. The test rig, turbo-expander and PGFBs are shown in Fig. 5 . The turbo-expander is a standard industrial turbo-expander for the air separation plant which can produce 30 L/h liquid nitrogen. Two eddy current displacement sensors are mounted on the turbo-expander house with 90° interval to measure the motion of the middle section of the turbo-expander rotor. Other details for the test rig can be seen in the literature (Hou, 2016) .
Experimental Study

Fig. 5 Tested turbo-expanders and PGFBs
In order to study the effects of the structural elasticity of the protuberant foil on the bearing performance, two PGFBs with different materials for the protuberant foils are used in the experiments. The two PGFBs have the same structural parameters and the same material for the top foil (0.07mm QBe1.7). The materials of protuberant foils for the two PGFBs are 0Cr18Ni9 and QBe1.7, respectively. The PGFB using 0Cr18Ni9 as the protuberant foil material is named PGFB-0Cr18Ni9, and PGFB using QBe1.7 is named PGFB-QBe1.7. The rotor for test is ~0.9 kg in weight, resulting in ~4.5 N load force for each journal bearing. The material parameters (Young modulus and Poisson ratio) for 0Cr18Ni9 and QBe1.7 are shown in Table 2 . Figure 6 shows the distributions of dimensionless film pressure, dimensionless film thickness and dimensionless deflections of top foil and mid foil for PGFB-0Cr18Ni9 and PGFB-QBe1.7 when operating at the same load force (4.5 N) and the same rotational speed (75000 rpm). The dimensionless pressure of the two bearings is similar due to the same load force. Compared with that of the PGFB-QBe1.7, because the film pressure for two PGFB is almost the same, the deflections show PGFB-0Cr18Ni9 has a larger structural stiffness. From Fig .6 (c) and (d) , the top foil and mid foil shows negative deflection. This is because the bending stresses within the foil. Variations of (a) the attitude angle, (b) the eccentricity ratio, (c) the dimensionless friction torque, and (d) the dimensionless minimum film thickness versus rotational speed Figure 7 shows the attitude angle, the eccentricity ratio, the friction torque and the minimum film thickness versus the rotational speed of the two bearings with the load force as 4.5 N. As shown in Figure 7 , with the same load force and rotational speed, the PGFB-0Cr18Ni9 shows a larger attitude angle and smaller eccentricity when compared to those of the PGFB-QBe1.7. In addition, the dimensionless torque of PGFB-0Cr18Ni9 is a little larger than that of PGFB-QBe1.7. However, although the difference between eccentricities of two bearings is relatively large, the difference between minimum film thicknesses is very small. This is because the minimum film thickness depends not only on the eccentricity but also on the deflection of the bearing surface (top foil). At the same load and rotational speed, although the eccentricity of PGFB-QBe1.7 is larger than that of PGFB-0Cr18Ni9, the top foil deflection of PGFB-QBe1.7 is also larger than that of PGFB-0Cr18Ni9, thus making small difference in the minimum film thickness. These differences above are due to the differences between the bearing structural stiffness. The bearing with a large structural stiffness results in a large attitude angle and a smaller eccentricity. So it can be concluded that PGFB-0Cr18Ni9 is the one with a larger stiffness. Figure 8 shows the predicted stiffness and damping of the two bearing. It also can be seen that PGFB-0Cr18Ni9 shows a larger stiffness than PGFB-QBe1.7. The present model ignores the structural damping within foil structure. So the damping prediction here is the damping of the gas film, which is expected far lower than the actual bearing damping. Fig. 8 Variations of the dimensionless stiffness coefficients and the dimensionless damping coefficients versus rotational speed The rotational speed of 65000 rpm is selected for the natural frequency analysis. The predicted bearing stiffness and damping factors for the rotational speed of 65000 rpm based on the predictions in Fig. 8 are listed in Table 3 . According to the predicted bearing stiffness and damping factors, the natural frequency can be obtained by calculating the eigenvalue of the dynamic stiffness matrix shown in Eq. (12). The predicted natural frequency for PGFB-0Cr18Ni9 and PGFB-QBe1.7 are 189.8 Hz and 159.1 Hz, respectively. Table 3 Prediction of stiffness and damping factors for the rotational speed of 65000 rpm PGFB-0Cr18Ni9 PGFB-QBe1. 
Results and Discussions 4.1 Numerical results
Experimental results
For the turbo-expander in this study, the pressurized air expands in the wheel passage and drive the rotor to rotate. A braking wheel is used to provide the braking force to consume the work from the expansion wheel. Fig. 9 shows the relationship between the turbo-expander supply pressure and the rotating speed. It is complicated to quantify the takeoff friction torque for the rotor-bearing system, and special test facilities are required. Instead, it is simpler and more convenient to evaluate the takeoff performance using the takeoff pressure. In Fig. 7 (a) , the supply pressure (P 1 and P 1 ′ ) at which the turbo-expander starts to run with the minimum running speed is defined as the takeoff pressure.
The takeoff pressure for PGFB-QBe1.7 is 0.37MPa, and it is 0.52MPa for PGFB-0Cr18Ni9. The rotational speed under the takeoff pressure is defined as the takeoff speed which represents the minimum rotational speed of rotor in order to generate effective lubricant film. As shown in Fig. 7 (a) , the takeoff speeds, n 1 and n 1 ′ , are 43 krpm and 48 krpm under P 1 and P 1 ′ for PGFB-QBe1.7 and PGFB-0Cr18Ni9, respectively. Similarly, the shutoff pressure and shutoff speed of a turbo-expander can also be defined. The supply pressure at which the rotating speed begins to decrease sharply is defined as the shutoff pressure. As shown in Fig. 7(b) , the shutoff pressure P 2 and P 2 ′ for PGFB-QBe1.7 and PGFB-0Cr18Ni9 are 0.21MPa and 0.39 MPa, respectively. The minimum rotational speed n 2 (27 krpm) and n 2 ′ (33 krpm) before the shutoff pressure are defined as the shutoff speed.
The friction between the top foil and the mid foil may prevent foil deflection, then preventing the film thickness change. During the speed up period, the friction prevents film thickness increasing and the gas film formation. While, during the shutdown period, the friction prevent the film thickness decrease. Therefore, the takeoff speed is generally larger than the shutoff speed for the two test bearings. Fig. 9 Turbo-expander supply pressure and rotating speed during (a) the takeoff process and (b) the shutoff process Since the same structural parameters and the same foil layer arrangement, it can be speculated that the differences of the takeoff and shutoff speeds are due to the difference of the foil materials. During the takeoff process, the effective lubrication film is formed gradually, and meanwhile the elastic foil structure deforms correspondingly. However, the gas film pressure caused by the high speed rotation should be larger enough so that the sufficient deflection can be reached for the effective lubrication film. So, the gas foil bearing with the larger stiffness needs larger takeoff speed to form the effective lubrication film. Therefore, the foil structure of PGFB-0Cr18Ni9 shows a larger stiffness, which is in agreement with the numerical predictions. Here, the processes of supply pressure increase before reaching steady state for the two bearings are different, since the supply pressure is controlled by manual. Fig. 10 Waterfall maps of the rotor motions of the PGFB-0Cr18Ni9 and PGFB-QBe1.7 Figure 10 shows the waterfall maps of the rotor motions of the PGFB-0Cr18Ni9 and PGFB-QBe1.7. It is clearly seen that the synchronous rotor motions are dominant, with the subsynchronous rotor motions of very small amplitude for both the bearings. The frequency of synchronous rotor motion is the rotational speed (in revolutions per second), because the synchronous rotor motion can be considered as the result of the unbalance force impact. The frequency of subsynchronous rotor motion can be considered as the natural frequency of bearing-rotor system (Sim, 2012 , Sim, 2013 . The synchronous and subsynchronous frequencies of the two bearings during the test process are presented in Fig.11 . The highest synchronous frequency for the PGFB-0Cr18Ni9 and PGFB-QBe1.7 are ~1100 Hz and ~1170 Hz, implying the highest speeds are ~66000 rpm and ~70000 rpm, respectively. From Fig. 11 , it can be seen that the subsynchronous frequency in high rotational speed range are almost independent with the rotational speed (synchronous frequency) for both test bearings. Moreover, it can be noted that subsynchronous frequencies near 80 Hz are existed for PGFB-QBe1.7 during speedup period, might due to the unstable gas film during speedup period and disappears at high speed state. Figure 12 shows the relationship between the subsynchronous amplitude and subsynchrorous frequency for two test bearings. To make it clearly, the subsynchrorous test results are divided into two sets by the rotational speed of 45000 rpm, which is close to the takeoff speed for the test bearings (43000 and 48000 rpm for the two bearings, respectively). As shown in Fig. 12 , compared with those of the PGFB-QBe1.7, the PGFB-0Cr18Ni9 shows a larger subsynchronous frequency but smaller subsynchronous amplitude. As mentioned above, the subsynchronous frequency is considered as the natural frequency of the rotor-bearing system. Therefore it can be concluded that natural frequencies of the PGFB-0Cr18Ni9 and PGFB-QBe1.7 are ~200 Hz and ~170 Hz, respectively, which agrees well with the numerical prediction(189.8 Hz and 159.1 Hz, respectively). Moreover, from Fig. 12 , the subsynchronous frequencies for both two bearings change little when the rotational speed is larger than 45000 rpm, probably due to the small change of stiffness factors with increasing the rotational speed according to the prediction results. Note that the damping of the foil structure is neglected in the present model, so the predicted bearing damping is much more less than the actual bearing damping. Fortunately, the damping has a little effect on the natural frequency of the system in general.
Conclusion
Two PGFBs with the same configuration but different protuberant foil materials (beryllium bronze and stainless steel) were numerically studied and experimental tested in a high speed turbo-expander.
The numerical predictions show that, with the same load force and rotational speed, the profile of film pressure for both bearing are almost the same, but the PGFB-0Cr18Ni9 show less deflection and small eccentricity, which are related with its higher stiffness.
In experiments, the startup, running and shutdown processes of PGFBs were studied in a turbo-expander. A new definition of the takeoff and shutoff pressure and speed are proposed for a high speed turbo-expander supported by gas foil bearings, with which the start and stop operations of the turbo-expander can be clearly evaluated. The results show that PGFB-0Cr18Ni9 shows a higher startup speed and supply pressure, which may be related with its higher stiffness and relative lower deflection. The rotor motion analysis shows that, compared with PGFB-QBe1.7, the PGFB-0Cr18Ni9 shows a higher natural frequency, implying a higher stiffness of PGFB-0Cr18Ni9, which is in good agreement with the predictions. Additionally, the estimated natural frequencies of the two test bearings are very close to the tested natural frequencies, also identifying the model present in this paper.
